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ABSTRACT

We give the new inequality related to the J. C. C. Nitsche conjecture (see
(6]). Moreover, we consider the two- and three-dimensional case. Let
A(r,1) = {z : r < |z} < 1}. Nitsche’s conjecture states that if there exists
a univalent harmonic mapping from an annulus A(r,1) to an annulus
A(s, 1), then s is at most 2r/(r? +1).

Lyzzaik’s result states that s < t where ¢ is the length of the Grétzsch’s
ring domain associated with A(r,1) (see [5]). Weitsman’s result states
that s < 1/(1 4 1/2(rlogr)?) (see [8]).

Our result for two-dimensional space states that s < 1/(141/21log?r)
which improves Weitsman’s bound for all r, and Lyzzaik’s bound for
r close to 1. For three-dimensional space the result states that s <
1/(r — logr).

1. Introduction and auxiliary results

Let R™ be the real n-space with the norm ||z|| = (3L, #2)*/? and basis
e1 = (1,0,...,007,...,e, = (0,...,0,1)T. If 21,...,2, € R* are vectors
T; = Z?zl zi€5, + = 1,...,n then their vector product z; X --+ X z,_; is

defined as the vector

€1 €2 €n
T T T
C=21 X X Ty g = 11 12 1n ,
Tp—-1,1 Tn-1,2 Tpn—1,n
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the determinant being developed w.r.t. the first line. The linear operator A: R*
— R™ is identified with matrices A = [a4j];,j=1,...,n- Two norms of A are con-
sidered:

n 1/2
4] = sup{||Az]| : o]l =1} and ||Au2=(2a$j) .

=1

Let z =) 1, zie;. Then Az =Y. | A(zie;) = Y o ziAe;. It follows that

n n 1/2 , n 1/2
Azl < 3 il desl| < (}:xf) (leAedF)
i=1 =1

i=1

n 1/2

—lell- (L) = el f
=1

It follows at once that
(L.1) [|A]| < 1] Al]2-

A twice differentiable mapping v defined between the domains @ and €’ of the
n-dimensional Euclidean space is called harmonic if it satisfies the differential
equation Au = Dyju+--+Dpyu =0. Theset R = A(ry,rs) = {r1 < ||z|| < r2}
(0 <71 <7y < 00) we will call an annulus. We define the modulus m(R) of the
annulus R by the formula

m(R) = m(A{r1,m2)) = wn1_1 log™™"! (%)’

where w,_; is the (n — 1)-dimensional Lebesgue measure of the unit sphere
sn-t

With each doubly connected domain R in the complex plane there is asso-
ciated a unique number a > 1 such that R can be mapped one-to-one and
conformally onto an annulus whose outer and inner radii are in the ratio a : 1.

Let T be the family I of Jordan rectrifiable arcs on R which connect the
components of connectivity of the set R or the family T of Jordan rectifiable
curves that separate the components of connectivity of the set R¢ if n = 2. Let
p be a positive integrable function defined on R such that the integral

A@=Lw

is a positive real number. Then we say that p is an admissible metric. The
family of the admissible metrics we will denote by II. The extremal length of
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the family I', with respect to metric p, is defined by

L, = inf .
P irelr/wpds

ProPOSITION 1.1 (see [1] and [2]): If R = A(ry,72) is an annulus and if m(R)
is the modulus of A(ry,r2), then

infen %%’,’l ifn=2and =T",
(1.2) m(R) = Fo

SUPper TL(‘Z’,—) ifr=T".
The relation (1.2) defines the modulus of an arbitrary doubly connected
domain R in R".
LEMMA 1.2: Let A: R* — R* be a linear operator such that A = [a;;]; j=1,...,n-
Then
(1.3) |Azy x -+ x Azn_1|| < |AIF 2y X -+ X Tp_q]]-

Proof: Let

n

n
x,;:z;tije]-, and yizAxi:Zyijei forie {1,...,n-1}.
i=1 7=1

Let A = [;;] be the matrix defined by

. e k=1,...5=1,j41,...
iy = (=) det(la], =, 7N .

Then

Ary X - X Az,

n
= E E €51 5, '~-~'-’I)n—1,jﬂ_1Ael X ~~-><A€1;_1
i=1 jESn.,

X Aejp1 X -+ X Aey,

n
= E E €5T1,5, '""x7l—l,jn-1(aliy'-~7&ni)

1=1 jESn i
n
— T . ) —1Vi+l 4.
_Z Z Ej‘rlsll In_lv]n—l( 1) Ael
1=1 j€S, ;
n
= E E €3T1,5, '~~-'-Tn—l,j,,_1Ael X X €51 X €41 X - Xeyp
i=1 jES, ;

=Az| X - X 2p_q,
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where Sy, ; is the set of the permutations of the set {1,...,n}\ {i}, and ¢; is
the sign of the permutation j. Now, using the inequality (1.1), we obtain

Ay x -+ x Azpa || < NVAllllz1 % - x @na | < (Alleller X - X Zp]

n 1/2
= (ZEL?J) ||$1X'~'X3}n_1“.

4,3=1
Next, we easily obtain that
n 1/2 n n 1/2 n
(T @) <X (X)) =3 lerx xemixdenx: xdel.
i,j=1 i=1 >~ j=1 i=1

It follows at once that
n 1/2
(X )" <alf+ + el = g,
i,7=1
This completes the proof of the lemma. |

IfS=(5,5,...,5) R* - R” and if V denotes the gradient of the real
function, then we have ' = (VSy,...,VS,).

LEMMA 1.3: Let u be a harmonic mapping. Let u = p - S, where p = ||u]|.
Then

(1.4) Ap = pl|S"|l5-

Proof: Let v = (uj,us,...,u,) (here u; are real harmonic), and let S =
(S1,852,-..,5n). Since u; = pS;, i € {1,...,n} and consequently

n
p= Z Siui’
i=1

we obtain

(1.5) 0=Au; = ApS; + AS;p+2VpVS;, i€{l,...,n}
and

(1.6) Ap = iuiASi +2 Zn: VS; - Vu;.

From (1.5) we obtain

17)  Dp=DplIS|F =D "S- ApSi=—p) SiASi—2> SiVp-VSi.
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Adding (1.6) and (1.7) we obtain

n

Ap=Y (VS;-Vu; = 5;Vp-VS)=p> |IVSi*.

=1
This completes the proof. |
Let f be a function between A and B. By N(y, f) we denote the cardinal
number of f~1(y) if the last set is finite and we set N(y, f) = +oo in the

other case. The function y — N(y, f) is defined on B. If f is surjective then
N(y, f) > 1 for every y € B. The following proposition holds.

PROPOSITION 1.4 ([7]): Let U be an open subset of R* and let f: U - R" be
C! mapping. Then the function y — N(y, f) is measurable on R* and

(18) Nl f)dy = [ 1@ plda,
R~ U
where J(z, f) is the Jacobian of f.

Further, let h be a C! surjection from an (n — 1)-dimensional rectangle K™~!
onto the unit sphere S™!. Let the function f be defined in the n-dimensional
rectangle K™ = [0,1] x K*~1 by f(r,u) = rh(u). Thus f is a C! surjection from
K™ onto the unit ball B™. It is easy to obtain the formula J(z, f) = 7"~ Dy (u),
where £ = (r,u) € K", and D;, denotes the norm of the vector product

A e |

According to Proposition 1.4 it follows that

1 n
—wn—1 = u(B )=/ dys/ N(y, f)dy
n Bn Bu

1
=/ |J(z, f)|dz =/ r"_ldr/ Dy(u)du = l/ Dy (u)du.
“n 0 Kn-1 n Jgn-1
Consequently we have
(19) / Dh(u)du Z Wn—1.
Kn—1

PROPOSITION 1.5: Let u be a C! surjection between the spherical rings A(r1,r2)
and A(sy,s2), and let S = u/|lu||. Let P"! be a closed (n — 1)-dimensional
hypersurface that separates the components of the set A°(r;,73). Then

(1.10) [ 1s17ap 2w
Pu—l
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and
(1.11) / I1S'15-1dA > (ry — 11 )wnor,
A(’l‘l,’r‘z)

where w,,_; denotes the measure of S7~!.

Proof: Let K™ ! be an (n — 1)-dimensional rectangle and let g: K*™! —
P™~! be 5 parametrization of P*~1. Then the function S o g is a differentiable
surjection from K™™' onto the unit sphere S”~!. Then by (1.9) we have

/ DsogdK > wn_y.
Kn—1

According to Lemma 1.2 we obtain

S9N 2 x - x 519 27| < 18 (g Dy (o),

DSOQ(CU) = ,

Hence we obtain
s < [ IS G D@IKE = [ IS QI d0(0).
Thus we have proved (1.10). It follows that
T2
[ ustgraa= [T( [ slEas)aez - e
A(r1,r2) 1 Sn—1(0,t)
The proof of the theorem has been completed. |

PROPOSITION 1.6: Let u = pe'® be a C! surjection between the rings A(ry,7s)
and A(sy, s2) of the complex space. Then

(1.12) / |VO|2dady > 27 log 2.
r1<|z|<r "
Proof: Because |VO)| is an admissible metric, according to Proposition 1.1, we
have
Jr|VO[*dzdy Al 1
1.13 - > m(R) = inf = —log =,
19 G en(rvelaze = ™R =1 gy = 5x e

where R = A(ry,r9) and T is the subset of curves which separates the compo-
nents of connectivity of R®, and m(R) is the modulus of R.
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Next, if  is Jordan curve, then the function ©: v\ v(0) — (0, 27) is surjective.
According to (1.10) we obtain

(1.14) /[V@Hdz} > 2.

Observe that, in this case, S = ¢*® and ||S’||z = |[VO|. (1.13) and (1.14) yield
(112).  m

2. The main result

THEOREM 2.1: Let there be a harmonic surjection between the annular regions
A(ry,ro) and A(sy,s2) of R*, n = 2,3, satisfying the conditions ||z|| = r; =
lu(z)|l = 84,4 =1,2. Then 4
2 .
21) Z_z > {110+éligﬂ§f {in = z,
1 g+ o ifn .

Note that if v is a harmonic homeomorphism, then it satisfies the conditions

of the theorem.

Proof: Let u be a harmonic surjection between the corresponding annular
regions. For n > ng > max{2,1/(ry — 1)} let

sn = sup({|lyll : y € A(s1,52) Ay € u(A(r1 +1/n,72))} U {s1}).

Ify € A(s1,82) ANy & u(A(r1 + 1/n,73)) then ||y|| < sn, hence y & A(sn, s2).
Consequently, A(sy,s2) C By, = u(A(r1+1/n,72)). The sequence s, is decreas-
ing. Hence it is a convergent sequence. Consequently, only one of the following
statements hold:

(A) sn = sy for every n > ng. Then there exists a sequence z,, : 11 < [|z,]| <
71+ 1/n such that ||y, || = ||u(z,)]| > s2 —1/n. Since ||z,|| — r; it follows that
[|u(zy)|| = s1. This is impossible.

(B) 51 < sp, < g for every n > n'. Since u is a surjection it follows that there
exists a sequence z, : 11 < ||z,|| < 11 + 1/n such that ||y,|| = ||u(zn)|] = sa.
Since ||z || = 71 it follows that ||[u(z,)|| = sp — s1.

(C) There exist n”” € N such that s, = s; for every n > n'.

From (A), (B) and (C) we obtain lim,_,o S, = 81.

Let (B) hold. For every n > n’, let &, = s,, — s1 such that s; +4e,, < s5 and
let @n, be a C? real function defined on (s;, s3) by

$1 ifeg <8<s81+2e,

(pn(s) = hn(s) if 81 +2e, <s5<s; +4e,
Sg+ 2=8"Fa (g — 55} if 51 +4e, <5< 89
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where the function h,(t) satisfies the conditions: h/ (t) > 0 and h!/(¢) > 0. An
example of such a function is the function

(s)=s +_2.;M/s fszl+2e,.(t_31 —2e,)(s1 + 46, — t)dt qu
hn(s) = s1 o — 81 —4de, J f .

2o\ [IEER (8 — 51 — 2e5) (51 + dey — t)dt

Here ¢ = ¢, is chosen such that h,(s; +4e,) = s; +¢€,. This is possible because
limg 100 Rn(s1 + 4e,) = 51 and

$9 — 81 — €q (51 +4g, — 81 — 2e,)

h 4 =1= .
n(81 + En)lq-—-l s + 55 — 51 — de, 5 > 81 +¢€p
It is obvious that
(2.2) 0<¢l(s)>1 and 0<l(s) >0 asn— oo
for every s € (s3,82). Let p = ||u|]| and let p, be the function defined on

{z:r1 <|lzl] <72} by pul2) = @nlp(z)).
If (C) holds we can simply set p,(z) = p(z) and ¢, (z) = z. Then
Apa(z) = en(p@) V@) + ¢ (p(2)) Ap().
By (2.2) it follows at once that
Apn(z) = Ap(xz) asn — oo
for every x € A(ry,r2). Similarly, we obtain

0n

or
uniformly on {x : ||z|| = r} for every r € (r1,72). Applying Green’s formula for
pnon{z:r +1/n <||z|| <r}, we obtain

/ P Opn g5 — Ap,dV.
llefi=r OF ell=ri+1/n OF ri+1/n<] [zl <r

Op
x)—)E(:c) as n —» 00

Since the function p, is constant in some neighborhood of the sphere ||z|| =
r1 + 1/n, it follows that

/ Opn g5 = ApndV.
llel|=r OF 1 /ng| |zl <

Because of (1.4) and (2.2) it follows that the function Ap,, is positive for every
n. Hence, by applying Fatou’s lemma, letting n — oo, we obtain

/ @dS Z/ ApdV.
llzlj=r OF m<lleli<r
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Next, by applying (1.4), (1.11) and (1.12), we obtain

/ P45 > / ApdV = ollS'|ZdV
llalj=r OF ri<llell<r rr<lal<r
2rs log - ifn=2,
> "|3dV > .
=51 /nsnxllgr”S” {471'31(1"—11) if n = 3.

It follows that

0 2rs;log = ifn=2
n—1 1 gn ,
b licll=1 pas(0) 2 {47r81(7' -r) ifn=3.

Dividing by r®~! and integrating the previous inequality over [ri,72] with
respect to r, we get

/ p(r20)dS(C) - / p(r¢)dS(0)
[[KlI=t H1¢]]==1

T8y logz 2 ifn=2,
47rsl(log B -rn22) ifn=3.
Dividing by 2s; if n = 2 and by 4s; if n = 3, one gets
2 .
2—12 %105,%r_r ?fn=2,
$1 log;-;——LT;—l ifn=3.
Thus, the proof of the theorem has been completed. 1

The following example justifies the Nitsche conjecture.
Example 2.2: Let R = A(r,1) and let R' = A(s,1). Then the function

1—rs rs—121
z = =
1—12 1—7r2 2

(2.3) f(z) =

is a harmonic diffeomorphism between R and R’ if and only if
2r

2.4 < —.

( ) RS 1+ 1.2

Moreover, under the same condition the function u(z) = f(z") satisfies the
conditions of Theorem 2.1 and maps the annulus R = A({/7,1) onto the annulus
R' = A(s,1). From (2.4) it follows that

1
S T e
1+1/2log” /7

(see the following remark).
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Remark 2.3: (a) The inequality of Nitsche’s conjecture is better than the
inequalities obtained in this paper. It can be seen by the following. We have to

prove the inequality
2r 1

< .
1+72 = 14 Llog’r

With r = u?, the previous inequality is equivalent to

1
flu) = E—u+2logu20.

Because of
1—-u

Fw=-(>) <0 amd =0,

we deduce at once that f(u) > 0 and inequality is proved. Similarly, we can

prove the inequality
2r 1

< .
1+72 — r—logr
Thus the Nitsche conjecture makes sense for the three-dimensional case, and it

would be interesting to construct the corresponding canonical harmonic home-
omorphism as in (2.3).

(b) On the other hand, the inequality obtained in this paper is better than
Lyzzaik’s inequality if the modulus of the domain is close to 0, and this fact
easily follows from the inequalities obtained in [2] for the function p(t), defined
as the modulus of the Grétzsch’s ring domain R = {2z : |2| < 1} \ [0, ¢].

(c) In [6], it has been observed that if there exists a harmonic diffeomorphism
between two ring domains in the space, then the modulus of the co-domain
cannot be small enough. The question arises which inequality holds for n-
dimensional Euclid space, n > 3.

The following examples show that the converse inequality to inequality (2.1)
does not hold. Moreover, there are harmonic diffeomorphisms between the an-
nulus A(1,2) and the arbitrarily large module annulus.

Example 2.4: Let f: A(1,2) — A(1,2™) be the function defined by f(z) = 2"
Then f satisfies the condition of Theorem 2.1 and m(A(1,2")) = n-m(A(1,2)).
Example 2.5: Let f: A(1,2) = A(0,1) be the function defined by

j0-2-2)

Then f is a harmonic diffeomorphism.
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